
Interval Finite Element Analysis of Thin Plates

M. V. Rama Rao
VasaviCollege of Engineering, 

Hyderabad - 500 031 INDIA

Rafi Muhanna
School of Civil and Environmental Engineering

Georgia Institute of Technology, Atlanta, GA 30332-0355, USA

Robert L. Mullen
Department of Civil and Environmental Engineering

University of South Carolina, Columbia, SC 29208 USA

REC 2016, June 15-17, 2016, Ruhr University Bochum, Germany





Outline

ÁAnalysis of thin plates

ÁPresent work 

ÁInterval Finite Element Model of thin plate

ÁExample Problems

ÁConclusions



Motivation for the present work

ÁTo the authorsô knowledge, applications of 

interval methods for the analysis of plates with 

uncertainty of load and material properties do 

not exist anywhere in literature. 

ÁIn view of this, we present an initial 

investigation into the application of interval 

finite element methods to problems of bending 

of thin plates. 



Present work

ÁThis work presents the application of interval 

finite element methods to the analysis of thin 

plates

ÁUncertainty is considered in both the applied 

load and Youngôs modulus

ÁIn the present study a clamped rectangular plate 

is analysed and the deformations are obtained.

ÁExample problems are presented and discussed



Present work

ÁThe plate is assumed to be orthotropic. Interval 

uncertainty is associated with the Youngôs modulus 

of the plate and also with the applied load. 

ÁInterval Finite Element Method (IFEM) developed 

in the earlier work for line elements of the authors 

for truss and frame structures (Rama Rao, 

Muhannaand Mullen, 2011)is applied to the case 

of thin plates in the present work. 



Present work

ÁThis method is capable of obtaining bounds for 

interval forces and moments with the same level 

of sharpness as displacements and rotations. 

ÁExample problems of the thin plate are solved to 

demonstrate that the present method is capable of 

obtaining sharp bounds. 

ÁResults are compared to the values of 

displacements and forces obtained using 

combinatorial and Monte Carlo solutions.



Geometry of thin plate



Geometry of thin plate

ÅThe plate is discretized into rectangular ACM 

(Adini-Clough-Melosh) plate elements. 

ÅThe ACM element is a non-conforming 

element with 12 degrees of freedom 

(3 degrees of freedom at each of the four 

nodes)

ÅDegrees of freedom at each node are 

transverse displacement and normal rotation 

about each axis wz,ɗx and ɗy



Geometry of thin plate
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The stiffness matrix of the plate is expressed as 

Interval FEA of plate

The load vector of the plate is expressed as 



The D matrix of the plate is expressed as 

Interval FEA of plate



Interval FEA of plate

D matrix is decomposed as (Xiao,Fedele and 

Muhanna, 2013)



Interval FEA of plate

The element stiffness matrix is decomposed as

The stiffness matrix for the structure is expressed as

The force vector for the structure is expressed as



Modified potential energy ǲ* can be expressed as

where 

U is the displacement vector

P is the load vector

K is the stiffness matrix

C is the constraint matrix

B1 is the strain-curvature matrix

ȇ is the vector of curvatures

Interval FEA of plate



The above equation can be solved by Neumaierôs

approach to obtain the interval displacements {U}
and curvatures {ȇ}

Invoking the stationarity of ǲ*, we obtain

Interval FEA of plate



Vector of interval moments {M} is obtained from the 

vector of curvatures {ȇ} as follows:

Interval FEA of plate



Example problem



Example problem

ÅFirst the present interval approach is validated 

by solving the problem of a rectangular plate 

with a 4³4 discretization scheme. 

ÅSolution is computed using the present interval 

approach and combinatorial solution.

ÅThe computation of results for combinatorial 

solution required computation of results for 

216=65,536 combinations



Example problem

Solution is computed for the following load cases

ÅCase A: Uncertainty of  load alone

ÅCase B: Uncertainty of Youngôs modulus (E) 

alone

ÅCase C: Uncertainty of load and E

Maximum uncertainty in load is 10 percent              

(Ñ5 percent about the mean value)

Maximum uncertainty of E is 1 percent 

(Ñ0.5 percent about the mean value)



Discretization scheme of rectangular plate



Variation of Mxx at center of plate (at node 13) w.r.t. uncertainty of E



Variation of Myy at center of plate (at node 13) w.r.t. uncertainty of E



Example problem

ÅIt is observed from these figures that the 

interval values of Mxx and Myy computed 

enclose the combinatorial solution at all levels 

of uncertainty



It is observed that the bounds of the interval solution match the 

corresponding bounds of combinatorial solution exactly 



It is observed that the bounds of the interval solution sharply enclose the 

corresponding bounds of combinatorial solution



Combinatorial solution is impractical for this case as it requires                       

232 = 4294967296 combinations. Thus Monte Carlo solution (MCS) is 

computed. It is observed that the bounds of MCS sharply enclose the 

bounds of the interval solution from inside



It is observed that the bounds of the interval solution match the 

corresponding bounds of combinatorial solution exactly 



It is observed that the bounds of the interval solution sharply enclose the 

corresponding bounds of combinatorial solution



It is observed that the bounds of MCS sharply enclose the bounds of the 

interval solution from inside



Example problem ïRectangular 

plate with 20x20 discretization

ÅAfter validating the results for the example 

problem with4x4 discretization, results are 

computed for example problem with 20x20 

discretization. 

ÅFor all results of displacements, rotations and 

moments, it is observed that the bounds of MCS 

sharply enclose the bounds of the interval 

solution from inside



Variation of vertical displacement along length of the plate with 10% load 

uncertainty and 1 percent uncertainty in E



Variation of ȅx along the width of the plate with 10% load uncertainty

and 1 percent uncertainty in E



Variation of ȅy along length of the plate with 10% load uncertainty and 1 percent 

uncertainty in E


